The inverse source problem for a monochromatic source imbedded in a nonabsorbing inhomogeneous medium is investigated within the framework of the reduced scalar wave equation. The Porter-Bojarski integral equation previously formulated for sources imbedded in vacuum is generalized to this case, as are the class of nonradiating and minimum-energy sources considered in Part I [J. Opt. Soc. Am. 72, 327 (1982)].
where k = co/C is the wave number at frequency co and is the solution of Eq. (1.1) that is continuous with continuous first derivatives and that satisfies Sommerfeld's radiation condition. 2 The inverse source problem consists of deducing p from measurements of the radiated field performed outside the volume containing the source.
We showed in I that the inverse source problem as defined above can be formulated in terms of an integral equation that was first derived in the context of holographic imaging by Porter 3 and later in a somewhat different form by Bojarski, 4 who applied it to the inverse-scattering problem. This integral equation relates the source p to a certain quantity (r, ), which is determined from the value of the field and its normal derivative over any closed surface completely surrounding the source volume T. This equation can be written in the form 5 J d 3 r'p(r', )Im G(r -r') = (r, co), (1.2) where 0(r, co) = | ds'af(r , a) ,9a' Im G(r -r') -Im Go(r -r') a t(r', co)
. In I we chose Go to be the Green function satisfying the
Sommerfeld radiation condition:
G 0 (r -r) = exp(ikl r -r') -47rlr -r'l (1.4) The integral equation (1.2) is a complete statement of the inverse source problem. By this we mean that any source distribution p = p that satisfies this equation will generate a field that assumes the measured boundary values:
(r, co) = (r, co); -a(r, co) = -a (r, ) aa aa over . Since these boundary values uniquely determine the field everywhere outside the source region ,6 the field A must thus be identical to the field /' everywhere outside T.
A proof of this result for the more general case of a source embedded in a nonabsorbing inhomogeneous medium is presented in Appendix A.
We showed in I that the inverse source problem does not admit a unique solution because of the possible presence of nonradiating-source distributions 7 8 within the volume T. Such sources generate fields that vanish outside their support volume, 7,7 and hence do not affect the value of O(r, a) and, in turn, cannot be inferred from this quantity. Although it is not possible to obtain a unique solution to the unconstrained inverse source problem, we showed in I that it is possible to generate a unique solution if we add the constraint that the source possess minimum energy; i.e., if in addition to satisfying Eq. (1.2) we require it to minimize the functional: (1.6) where the index of refraction n(r, c) is assumed to be real (no absorption) and piecewise continuous. We will also require that A' and its first derivatives be continuous and that n(r, co) approach unity as r -a . Our results, of course, reduce to those presented in I for the special case when n(r, c) - We will show elsewhere that analogous results can be obtained for scatterers embedded in a known background medium using results presented here.
THE GENERALIZED HOLOGRAPHIC-IMAGING EQUATION
In this section we generalize Eq. (1.2) to the case of an inhomogeneous medium with real index of refraction n(r, c).
We shall denote a Green function for this medium by G(r, r'). The Green function satisfies Eq. (1.6) with the source term equal to the delta function 5(r -r'); i.e.,
[V' 2 + 2 n 2 (r', )]G(r, r') = -(r -r'), (2.1) where the prime on the gradient operator means that the operator acts on the primed coordinates. We note for future reference that the Green function satisfies the symmetry condition G(r, r') = G(r', r).
In the special case when n(r, co) = 1, G(r, r') reduces to the free-space Green function Go(r -r').
Since n(r, co) is real, the imaginary part of G(r, r') satisfies the homogeneous equation
If we multiply Eq. (1.6), with r replaced by r', by Im G(r, r') and Eq. nonabsorbing, inhomogeneous medium characterized by an index of refraction n(r, a) and Green function G(r, r'). Equation (2.5) can also be written in an alternative form that displays its relevance to holography if we take the Green function to be the one that satisfies the Sommerfeld radiation condition. Denoting this Green function by G+(r, r'), we make use of the identity
which holds for all points contained within the volume enclosed by Z. On using Eq. (2.7), we find that for values of r lying within this volume
where
and where the asterisk * denotes the complex conjugate. An alternative form for the generalized Porter-Bojarski integral equation is then given by 2i d3r'p*(r', co)Im G+(r, r') = P(r, 0). (2.10) Equation (2.10) is in the form of the free-space holographic-imaging equation as originally derived by Porter. 3 Porter was able to show that in the free-space case the quantity F(r, c) is intimitely related to the real image produced by a pointreference hologram taken over the recording surface 2. problem. In particular, it is shown in Appendix A that r(r, ct) uniquely determines the field everywhere outside r. It follows that a solution to the generalized holographic-imaging equation will generate a field that is identical to everywhere outside the source region.
NONRADIATING SOURCES IN AN INHOMOGENEOUS MEDIUM
In this section we generalize the concept of nonradiating sources to nonuniform media. Such sources have previously been considered only in free space, 7 8 where they play an important role in the inverse source problem. 1 8 Following the definition of nonradiating sources for the free-space case, we define a source embedded in a nonabsorbing medium to be nonradiating if and only if it generates a field that vanishes identically outside the source volume.
Since the surface 2; in Eq. (2.6) must lie outside the source volume, we conclude that a nonradiating source will generate a O(r, ) that vanishes identically. On the other hand, since O(r, c) uniquely determines the field everywhere outside r, we conclude that the vanishing of O(r, ) guarantees that the source is nonradiating. We then conclude that a necessary and sufficient condition for a source to be nonradiating is that it satisfy the homogeneous generalized holographic-imaging equation
where Pn.r. denotes a nonradiating source.
Examples of nonradiating sources in nonuniform media
can be constructed using a procedure entirely analogous to that given in Ref. 7 for the free-space case. In particular, let Q(r, ) be a function localized to within the volume r that is continuous and possesses continuous first derivatives but is otherwise arbitrary. Then the quantity
is a piecewise-continuous nonradiating source, and Q(r, ) is the field that it generates. That the source defined in Eq. That Q(r, c) is the field generated by Pn.r. follows from the uniqueness theorem 6 for solutions to the reduced wave equation that obey specified boundary conditions. Since the quantity Q(r, c) is the field generated by the nonradiating source, it also follows that any nonradiating source can be represented in the form of Eq. (3.2). The above method then gives a prescription for constructing the most general (piecewise-continuous) nonradiating source in a nonabsorbing, nonuniform medium. Since nonradiating sources are solutions to the homogeneous form of the generalized holographic-imaging equation, it follows that this equation will not possess a unique solution. In particular, if p denotes a solution to the equation, then + Pn.r. will also be a solution. In order to remove this nonuniqueness, we must impose constraints on the solution. These constraints can be in the form of additional a priori information concerning the source or, alternatively, can be of a mathematical nature, such as the requirement that the source minimize the functional given in Eq. (1.5).
We shall examine the latter constraint in Section 4.
MINIMUM-ENERGY SOURCE
The kernel Im G(r, r') in the generalized holographic-imag- for any piecewise-continuous function f(r) localized to within the volume V. These conditions then allow us to apply standard results from the theory of linear integral equations" 1 to this equation. In particular, it can be shown that Im G(r, r') can be represented in the series (Mercer's theorem)
Im G(r, r') = Z Xpn(r)p* (r'), (4.2) where the X, and p, are the eigenvalues and the eigenfunctions of the integral equation where 6,,, is the Kronecker delta function. The totality of eigenfunctions pn can be shown to be complete for squareintegrable functions defined in V."k Throughout the remainder of this section we shall take the volume V = r and take the Green function G(r, r') to be the one that satisfies Sommerfeld's radiation condition; i.e., we choose G(r, r') to be G+(r, r'). We shall continue to denote the eigenfunctions of the integral equation We conclude from Eq. (4.6) that the ¢, are the fields generated by the eigenfunctions Pn. The eigenfunctions Pn then play the role of sources (hence the designation p). Moreover, for An = 0 the Pn satisfy the homogeneous holographicimaging equation and are thus nonradiating. Consequently, for these values of n, the On(r) must vanish outside the volume -r. Finally, we note that the ¢Pn satisfy the Sommerfeld radiation condition.
Let us now expand the source p(r, c) into the eigenfunc- The nonradiating component 4' n.r. is generated by the projection of the source p onto the nonradiating-source eigenfunctions pa that are solutions to the homogeneous generalized holographic-imaging equation, whereas the radiating component 4' r is generated by the projection of the source onto the radiating-source eigenfunctions pn having nonzero ei- where p is any solution to the inverse source problem. then establishes P-i as the minimum-energy solution.
This

FREE-SPACE CASE
To place the results obtained in Section 4 into perspective, we consider in this section the special case in which n(r, c) -
For this case the Green function G+(r, r') = Go(r -r'), as defined in Eq. (1.4). The integral equation (4.3) then be-
We will also assume that the volume T is a sphere of radius Ro centered at the origin. This is the case that we considered in I. By employing the expansion of Im GO(r -r') into spherical Bessel functions jl(kr) and spherical harmonics Ylm(O, (P) We find that
The results obtained above are identical to those obtained in I for the free-space case. However, in I our analysis was based on certain results that hold only for the free-space case. . Here the analysis is derived from general considerations that hold for inhomogeneous media.
A. J. Devaney and R. P. Porter We conclude this section by noting that in the free-space case we were able to show that the eigenvalues A,, defined in Eq. (5.4) all tended to a constant value as the radius Ro of the source volume T-tended toward infinity. Because of this, the quantity r(r, ) and the complex conjugate of the mininumenergy solution to the inverse source problem became pro- By adding certain constraints to the inverse source problem, it is possible to remove either partially or entirely the ambiguity in the solutions to the problem. We considered here, as we did in I, the constraint that the solution minimize the energy of the source, with energy defined to be the integral of the square of the absolute value of the source over the source region. By imposing this constraint, we were then able to show that the solution becomes unique and is readily obtained from the value of the field and its normal derivative over any closed surface completely surrounding the source volume.
The results obtained here are not complete. A number of avenues of research remain open for the inverse source problem in inhomogeneous media. One such topic is to show that the quantity (r, ) becomes proportional to the minimum-energy solution to the inverse source problem, in the case in which the object volume is much larger than a wavelength. An important area of investigation is the selection of Green functions to use in Eq. (2.5) so to avoid the necessity of measuring both the field and its normal derivative over the surface 1. In principle, only one of these two quantities is required. A number of interesting investigations have been made in the inverse source problem in vacuum. 3 -15 These investigations can all be generalized to the case of inhomogeneous media using the formalism developed here. In addition to being applicable to the inverse source problem, the results obtained are also relevant to the inversescattering and diffraction-tomographic problems in inhomogeneous media, as we shall demonstrate elsewhere.
APPENDIX A
We wish to show that (r, co) uniquely specifies the field 4'(r, 
We note that Z is independent of the shape and location of the surface , so long as this surface is everywhere exterior to T.
Now the field ,6 obeys the Sommerfeld radiation condition. 2 Moreover, since the index of refraction n(r, c) 1 as r 
as kr' -c in the direction i'. Here f(i', ) is the so-called radiation pattern 6 of the field . If we take the surface to be the surface of a sphere centered at the origin and having a radius Rowe find, on using Eq. This then completes the proof that r uniquely specifies the field everywhere outside -.
APPENDIX B
In this appendix we establish that Im G(r, r') is a nonnegative definite kernel. To do this we must show that Im G(r, r') satisfies the inequality (4.1) for any piecewise-continuous function f(r). Now, since the source functions p(r, c) are completely general piecewise-continuous functions, we can take f(r) = p(r, c) without any loss of generality. With this replacement we then find that the inequality (4.1) can be written in the form C -S d 3 We can express C in terms of the quantity Z defined in Eq. (Al) in Appendix A. In particular, on making use of Eqs. 
On making use of Eq. (A4), we then find that
which proves the nonnegative definiteness of Im G(r, r'). 
